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1. Introduction
This paper serves as the final report for the project “Advanced Numerical
Methods for PDE Constrained Optimization with Application to Optimal Design and Control of a Racing Yacht in the America’s Cup” in the DFG priority program 1253, Optimization with Partial Differential Equations. It covers
some of the major results that were achieved in the course of the first funding period. The main task was to develop and investigate advanced numerical
methods for finding the optimal shape of a body B, subject to constraints on
the design, that is exposed to instationary incompressible Navier-Stokes flow.
As an objective function the drag of the body was chosen in the numerical
We gratefully acknowledge the support of the Schwerpunktprogramm 1253 sponsored by
the German Research Foundation (DFG). Part of the numerical computations were performed on a Linux cluster at TUM supported by DFG grant INST 95/919-1 FUGG. The
work of the first and the fourth author was in parts supported by the International Research
Training Group 1529 “Mathematical Fluid Dynamics” of the DFG.
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computations. The resulting optimization problems are complex and highly
nonlinear. As the developed techniques are quite general, they can, without
significant conceptual difficulties, be used to address a wide class of shape
optimization problems.
Shape optimization is an important and active field of research with
many engineering applications; detailed accounts of its theory and applications can be found in, e.g., [8, 9, 15, 24, 28]. We use the approach of transformation to a reference domain, as originally introduced by Murat and Simon
[26], see also [4, 14], which makes optimal control techniques readily applicable. Furthermore, as observed in [14] in the context of linear elliptic equations,
and discussed in the present setting in [6], discretization and optimization can
be made commutable. This allows to circumvent the tedious differentiation
of finite element code with respect to the position of the vertices of the mesh.
We apply this approach to shape optimization problems governed by the
instationary Navier-Stokes equations. On one hand we characterize the appropriate function spaces for domain transformations in this framework and give
a theoretical result about the Fréchet differentiability of the design-to-state
operator, which is done in section 2. On the other hand, we focus on the practical implementation of shape optimization methods. In section 3 we present
the discretization and stabilization techniques we use to solve the NavierStokes equations numerically. Section 4 covers the use of goal-oriented error
estimation and adaptivity for efficiently solving shape optimization problems.
We then present numerical results obtained for some model problems in section 5, followed by some conclusions in section 6.

2. Shape optimization for the Navier-Stokes equations
2.1. Shape Optimization in the abstract setting
We use the approach of transformation to a reference domain to formulate
the optimization problem in a functional analytical setting. The idea of using
transformations to describe varying domains was suggested by Murat and
Simon, see [26], and forms an excellent basis for deriving rigorous Fréchet
differentiability results with respect to domain variations [4, 14]. This approach provides a flexible framework that can be used for many types of
transformations (e.g., boundary displacements, free form deformation).
We consider a reference domain Ωref and interpret admissible domains
Ω ∈ Oad as images of Ωref under suitable transformations τ . Then the abstract
optimization problem is given as:
min J(y, τ )

s.t. E(y, τ ) = 0,

τ ∈ Tad .

(2.1)

We minimize an objective functional J : Y (Ωref ) × T (Ωref ) → R where the
state y ∈ Y (Ωref ) and the transformation τ ∈ T (Ωref ) are coupled by the
state equation E(y, τ ) = 0 with E : Y (Ωref ) × T (Ωref ) → Z(Ωref ). Here,
Tad ⊂ T (Ωref ) is the set of admissible transformations corresponding to the
set of admissible domains Oad . T (Ωref ) ⊂ {τ : Ωref → Rd }, d = 2 or 3, is
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assumed to be a Banach space of bicontinuous transformations of Ωref . In
this context, Y (Ω) is a Banach space of functions defined on Ω ⊂ Rd and we
assume that
)
Y (Ωref ) = {ỹ ◦ τ : ỹ ∈ Y (τ (Ωref ))}
∀ τ ∈ Tad .
ỹ ∈ Y (τ (Ωref )) 7→ y := ỹ ◦ τ ∈ Y (Ωref ) is a homeomorphism
(A)
If the state equation is given in variational form defined on the domain
τ (Ωref ), then usually an equivalent variational form E defined on the reference domain can be obtained by using the transformation rule for integrals.
This will be demonstrated for the instationary Navier-Stokes equations in the
following. By convention, we denote all quantities on the physical domains
τ (Ωref ) by ˜.
2.2. The Navier-Stokes equations
We apply the presented approach to shape optimization problems governed
by the instationary Navier-Stokes equations for a viscous, incompressible fluid
on a bounded domain Ω = τ (Ωref ) ⊂ Rd with Lipschitz boundary. To avoid
technicalities in the formulation of the equations, we consider homogeneous
Dirichlet boundary conditions. We arrive at the problem
ṽ t − ν∆ṽ + (ṽ · ∇)ṽ + ∇p̃ = f˜
on Ω × I, div ṽ = 0
on Ω × I
ṽ = 0

on ∂Ω × I, ṽ(·, 0) = ṽ 0

on Ω

d

where ṽ : Ω × I → R denotes the velocity and p̃ : Ω × I → R the pressure
of the fluid. Here I = (0, T ), T > 0 is the time interval and ν > 0 is the
kinematic viscosity.
We introduce the spaces
V(Ω) := {ṽ ∈ C0∞ (Ω)d : div ṽ = 0},
H(Ω) := clL2 (V(Ω)),

V (Ω) := clH01 (V(Ω)),
Z
p̃ = 0},
L20 (Ω) := {p̃ ∈ L2 (Ω) :
Ω
∗

the corresponding Gelfand triple V (Ω) ,→ H(Ω) ,→ V (Ω) , and define
W (I; V (Ω)) := {ṽ ∈ L2 (I; V (Ω)) : ṽ t ∈ L2 (I; V (Ω)∗ )}.
In the same way, the space W (I; H01 (Ω)d ) used later is defined.
Now let f˜ ∈ L2 (I; H −1 (Ω)d ), ṽ 0 ∈ H(Ω). It is well known that so far
the question of existence and uniqueness is answered satisfactorily only in the
case d ≤ 2. In fact, under these assumptions with d = 2, there exists a unique
solution (ṽ, p̃) with ṽ ∈ W (I; V (Ω)) where p̃ is a L20 (Ω)-valued distribution,
see [30]. Assuming that the data f˜ and ṽ 0 are sufficiently regular, the solution
has further regularity as stated by
Lemma 2.1. Let d = 2 and assume
2
f˜, f˜t ∈ L2 (I; H −1 (Ω) ), f˜(·, 0) ∈ H, ṽ 0 ∈ V (Ω) ∩ H 2 (Ω)2 .

(2.2)

Then the solution (ṽ, p̃) of the Navier-Stokes equations satisfies
ṽ ∈ C(I; V (Ω)), ṽ t ∈ L2 (I, V (Ω)) ∩ L∞ (I; H(Ω)), p̃ ∈ L∞ (I; L20 (Ω)) (2.3)
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The proof can be found for example in [30, Ch. III].

2.3. Weak formulation and transformation to the reference domain
Under the assumptions of Lemma 2.1, we consider a weak velocity-pressure
formulation of the problem where the divergence-freeness of the velocity is
not+included in the trial and test spaces: Find (ṽ, p̃) such that
Z
Z
hṽ t (·, t), w̃iH −1 ,H01 + ṽ(x, t)T ∇ṽ(x, t)w̃(x) dx +
ν∇ṽ(x, t) : ∇w̃(x) dx
Ω
Ω
Z
Z
−
p̃(x, t) div w̃(x) dx =
f˜(x, t)T w̃(x) dx ∀ w̃ ∈ H01 (Ω)d for a.a. t ∈ I
Ω
Ω
Z
q̃(x) div ṽ(x, t) dx = 0
∀ q̃ ∈ L20 (Ω) for a.a. t ∈ I
Ω

ṽ(·, 0) = ṽ 0 .
(2.4)
In the following we assume that
(T) Ωref is a bounded Lipschitz domain and Ω0 ⊃ Ω̄ref is open and bounded
with Lipschitz boundary. Moreover Tad ⊂ W 2,∞ (Ω0 )d is bounded such
that for all τ ∈ Tad the mappings τ : Ω̄ref → τ (Ω̄ref ) satisfy τ −1 ∈
W 2,∞ (τ (Ω̄ref ))d and det(τ 0 ) ≥ δ > 0, with a constant δ > 0. Here,
τ 0 (x) = ∇τ (x)T denotes the Jacobian of τ .
Moreover, the data ṽ 0 , f˜ are given such that
f˜ ∈ L∞ (I; C 1 (Ω)d ), f˜t ∈ L2 (I; H −1 (Ω)d ),
f˜(0) ∈ H(Ω), ṽ 0 ∈ V (Ω) ∩ H 2 (Ω)d ∩ C 1 (Ω)d
for all Ω ∈ Oad = {τ (Ωref ) : τ ∈ Tad }, i.e., the data ṽ 0 , f˜0 are used on
all Ω ∈ Oad .
Assumption (T) ensures in particular (2.2) and assumption (A) holds in the
following obvious version for time dependent problems, where the transformation acts only in space.
Lemma 2.2. Let Tad satisfy assumption (T). Then the space W (I; H01 (Ω)d ) for
the velocity satisfies assumption (A), more precisely, we have for all τ ∈ Tad
W (I; H01 (Ωref )d ) = {ṽ(τ (·)) : ṽ ∈ W (I; H01 (τ (Ωref ))d )},
ṽ ∈ W (I; H01 (τ (Ωref ))d ) 7→ v := ṽ(τ (·)) ∈ W (I; H01 (Ωref )d ) is a homeom.
A proof of this result is beyond the scope of this paper and will be given
in [20]. A similar result can be shown for the pressure if we define a topology
on the pressure space like Lp (I; L20 (Ω)) as guaranteed by lemma 2.1.
Given the weak formulation of the Navier-Stokes equations on a domain
τ (Ωref ) we can apply the transformation rule for integrals to obtain a variational formulation based on the domain Ωref which is equivalent to (2.4):
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Find (v, p) ∈ W (I; H01 (Ωref )d ) × {p | p(·, t) ∈ L20 (Ωref ) ∀t ∈ I} such that
Z

v Tt w det τ 0

d Z
X

dx +

Ωref

Z

T

+

v τ

i=1
0−T

0

−

Z

∇v w det τ dx −

Ω

Z ref

ν∇viT τ 0−1 τ 0−T ∇wi det τ 0 dx

Ωref

p tr(τ 0−T ∇w) det τ 0 dx

Ωref

f˜(τ (x), t) w det τ dx = 0 ∀ w ∈ H01 (Ωref )d for a.a. t ∈ I
0

T

(2.5)

Ωref

Z

q tr(τ 0−T ∇v) det τ 0 dx = 0 ∀ q ∈ L20 (Ωref ) for a.a. t ∈ I

Ωref

v(·, 0) = ṽ 0 (τ (·)).
2.4. Differentiability of the design-to-state operator
Very recently, we succeeded in proving Fréchet differentiability of the velocity
field with respect to domain variations in 2D under reasonable assumptions.
In the following, we consider the case d = 2. A paper on these results is in
preparation [20]. For the stationary Navier-Stokes equations, a corresponding investigation can be found in [4]. Significant additional complications
for the time-dependent case are caused by the fact that in the standard
W (I; V (Ω))-setting the time regularity of the pressure is very low. In fact,
the ∇p̃ term takes care of those parts of the residual that are not seen when
tested with solenoidal functions. Now L2 (I; V (Ω)∗ ) is a weaker space than
L2 (I; H −1 (Ω)2 ), since V (Ω) ( H01 (Ω)2 is a closed subspace strictly smaller
than H01 (Ω)2 . Therefore, the fact that ṽ t ∈ L2 (I; V (Ω)∗ ) cannot be used to
derive time regularity results for the pressure. This causes difficulties since
after transformation to the reference domain the velocity field is no longer
solenoidal. Thus, the pressure cannot be eliminated and the skew symmetry
of the trilinear convection form cannot be used since it only holds if the first
argument is solenoidal. For achieving that the required regularity properties
of solutions are maintained under transformation, we need the requirement
τ ∈ Tad ⊂ W 2,∞ (Ω0 )2 . This especially concerns the regularity of the time
derivative. As already discussed, in 2D, the Navier-Stokes equations on the
domain Ω = τ (Ωref ) have a unique solution ṽ ∈ W (I; V (Ω)). Under the
assumptions stated in Lemma 2.1, there also holds
ṽ ∈ C(I; V (Ω)),

ṽ t ∈ L2 (I; V (Ω)) ∩ L∞ (I; H(Ω)).

(2.6)

This implies the pressure regularity p̃ ∈ L∞ (I; L20 (Ω)). The latter regularity properties are maintained under transformation to the reference domain Ωref . After transformation of the Navier-Stokes equations, the condition div ṽ = 0 becomes tr(g(τ 0 )∇v) = 0, where g(M ) = det M M −T . To
proceed further, it is crucial to require and exploit the additional regularity
of v. As demonstrated in [4, 6], it is sufficient to consider the differentiability of v(τ ) at τ = id, since τ (Ωref ) can be taken as the current reference
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domain and the derivative w.r.t. variations of this domain can be transformed to derivatives w.r.t. domain variations of Ωref . We build on the uniform boundedness of v(τ ) in the sense of (2.6) for τ sufficiently close to id.
In a first step, we prove continuity results for the solution operator τ 7→ v(τ )
in L∞ (I; L2 (Ω)2 ) ∩ L2 (I; H01 (Ω)2 ). From this and the boundedness in (2.6),
continuity in stronger spaces can be proved, e.g., by interpolation.
For further presentation, we write the equations (2.5) on Ωref schematically as
E(v, p, τ ) = 0.
Formal linearization of (2.5) about (v̄, p̄, τ̄ ) = (v(id), p(id), id) yields
A1 (v̄, id)δv + A2 (id)δp + A3 (v̄, p̄, id)δτ = 0.
As mentioned, δv is not solenoidal, but satisfies div (δv) = − tr(g 0 (I)δτ 0 ∇v̄)
with g(M ) as defined above. To apply standard theory, we use the existence
of a right inverse B : L20 (Ωref ) → H01 (Ωref )2 of the div operator that, as
shown in [13], can be chosen such that it also is a bounded linear operator
from H 1 (Ωref )∗ to L20 (Ωref )2 . We set e0 = −B tr(g 0 (I)δτ 0 ∇v̄) and obtain a
splitting δv = e0 +e, where now e is solenoidal. Note that e0 = A4 (∇v̄, δτ 0 ) is
bilinear. Inserting δv = e0 + e into the linearized equation gives a linearized
Navier-Stokes equation for the solenoidal function e. The right hand side
generated by e0 can be carefully estimated to obtain linear bounds for δv
in terms of δτ . Clearly, δv is the candidate for the derivative v τ (id)δτ , if it
exists. Next, we consider, with τ = id + δτ , v = v(τ ), and p = p(τ ) the
equation
E(v, p, τ ) − E(v̄, p̄, id) − [A1 (v̄, id)δv + A2 (id)δp + A3 (v̄, p̄, id)δτ ] = 0.
This is rearranged to obtain a linear equation for the residual (r, rp ) = (v −
v̄ − δv, p − p̄ − δp) while the remaining terms are taken to the right hand side.
Again r is not solenoidal and using the operator B the splitting r = r 0 + r 1
is obtained such that r 1 is solenoidal. Now, again, standard theory for the
linearized Navier-Stokes equations can be used, where the estimation of the
right hand side is quite involved. Taking all together, the following can be
shown.
Theorem 2.3. Let the assumption (T) hold. Then the operator
τ ∈ Tad ⊂ W 2,∞ (Ω0 )2 7→ v(τ ) ∈ W (I; H01 (Ωref )2 ) + W (I; V (Ωref ))
is Fréchet differentiable. Note that the range space is continuously imbedded
into L2 (I; H01 (Ωref )2 ) ∩ C(I; L2 (Ωref )2 ).
This result implies for example that the time averaged drag on a body
B depends differentiable on τ , since it can be rewritten in an appropriate
distributed form, see [6].
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2.5. Shape gradient calculation with the Navier-Stokes equations
As for every τ ∈ Tad there exists a unique solution (v, p) of the Navier-Stokes
equations, it is reasonable to define the following reduced problem on the
space of transformations T (Ωref ):

s.t. τ ∈ Tad ,

min j(τ ) := J(y(τ ), τ )

where y(τ ) is given as the solution of the transformed Navier-Stokes equations
(2.5).
In order to calculate the gradient of j we need to solve the adjoint
equations of the transformed Navier-Stokes equations (2.5).
Given a weak solution (v, p) ∈ Y (Ωref ) := W (I; H01 (Ωref )d ) × L2 (I; L20 (Ωref ))
we seek (λ, µ) ∈ L2 (I; H01 (Ωref )d ) × L2 (I; L20 (Ωref )) with
Z Z

T

−

Z

w λt det τ dt dx +
I

+

0

Ωref

Z X
d Z
I i=1

w(x, T )T λ(x, T ) det τ 0 dx

Ωref

ν∇wiT τ 0−1 τ 0−T ∇λi det τ 0 dx dt

Ωref

Z Z


wT τ 0−T ∇v + v T τ 0−T ∇w λ det τ 0 dx dt
I Ω
Z Z ref
Z Z
−
q tr(τ 0−T ∇λ) det τ 0 dx dt +
µ tr(τ 0−T ∇w) det τ 0 dx dt
+

I

Ωref

I

= −hJ(v,p) ((v, p), τ ), (w, q)iY ∗ (Ωref ),Y (Ωref )

Ωref

∀(w, q) ∈ Y (Ωref ).

This is a parabolic equation backwards in time with appropriate initial condition for the adjoint velocity λ at time T depending on the objective functional. For details, we refer to [6]. For τ = id, we arrive at the weak formulation of the usual adjoint system of the Navier-Stokes equations on Ωref .
For the application of optimization algorithms it is convenient to solve,
for a given iterate τk ∈ T (Ωref ), an equivalent representation of the optimization problem on the domain Ωk := τk (Ωref ) (for details see [6]). Without loss
of generality we assume Ωk = Ωref and calculate the reduced gradient j 0 (τ )
at τ = id:
1. Find (v, p) by solving the standard Navier-Stokes equations on the domain Ωref .
2. Find (λ, µ) by solving the standard adjoint Navier-Stokes equations on
the domain Ωref .
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3. Calculate the reduced gradient j 0 (id) via
hj 0 (id), V iT ∗ (Ωref ),T (Ωref ) = hJτ ((v, p), τ ), V iT ∗ (Ωref ),T (Ωref )
Z
Z Z
V T ∇ṽ 0 (x)λ(x, 0) dx +
v Tt λ div V dx dt
−
Ωref

I

Ωref

Z Z
ν∇v : ∇λ div V dx dt −

+
I

Ωref

Z Z
−

i=1
T

v V
I

d Z Z
X

0T

Z Z
I

ν∇v Ti (V 0 + V 0T )∇λi dx dt

Ωref

v T ∇vλ div V dx dt

∇vλ dx dt +

Ωref

I

Ωref

Z Z

Z Z

I

I

(2.7)

p tr(V 0T ∇λ) dx dt −
p div λ div V dx dt
I Ω
I Ω
Z Z ref
Z Z ref
T
−
f˜ λ div V dx dt −
V T ∇f˜λ dx dt
I Ωref
I Ωref
Z Z
Z Z
−
µ tr(V 0T ∇v) dx dt +
µ div v div V dx dt.
+

Ωref

Ωref

Finally, if we assume more regularity for the state and adjoint, we can
integrate by parts in the above formula and can represent the shape gradient as a functional on the boundary. However, we prefer to work with the
distributed version (2.7), since it is also appropriate for FE-Galerkin approximations, while the integration by parts to obtain the boundary representation
is not justified for FE-discretizations with H 1 -elements.
2.6. Derivatives with respect to shape parameters
In practical situations, the domain transformations τ are usually not given
directly. Instead, one often deals with design parameters u ∈ U where U is
a finite or infinite dimensional design space defining the boundary ΓB of the
design object. Possible choices for the design parameters u are e.g. B-spline
control points or even the boundary curve itself. In this context, the reduced
gradient of the objective function w.r.t u can be computed in a very efficient
way.
First of all, u defines a displacement d(u) of the reference object boundary ΓB . Sensitivities for this mapping are usually easy to calculate, e.g. for
B-Spline parametrizations d(u) is a linear function w.r.t. the B-Spline control points u. The boundary displacement d(u) can then be mapped to a
domain transformation τ (u) by solving for example an elliptic PDE (e.g.,
linear elasticity equation or Poisson equation) with fixed displacement d(u)
on the object boundary and homogeneous Dirichlet boundary conditions on
∂Ωref \ ΓB . In the case of the elasticity equation this leads to an optimization
problem of the form
min j(τ )

s.t. A (τ, d(u)) = 0,

u ∈ Uad ,

(2.8)

where A denotes the elasticity equation with boundary conditions. Using
adjoint calculus, we get
j̃d (d(u)) = Ad (τ, d(u))∗ z,
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where j̃ := j(τ (d(u)) denotes the reduced objective functional w.r.t d(u) and
z is the solution of the adjoint elasticity equation
hAτ (τ, d(u))V, ziT ∗ (Ωref ),T (Ωref ) = −hj 0 (τ ), V iT ∗ (Ωref ),T (Ωref )

∀V ∈ T (Ωref ).

Note that the right hand side is just (2.7) and that the evaluation of this
equation makes up the main part of the work for computing the reduced
derivative. Derivatives of j̃ w.r.t. u are then easily obtained by the chain rule
and are given by
d
j̃(d(u)) = du (u)∗ Ad (τ, d(u))∗ z.
du

3. Discretization
To discretize the instationary Navier-Stokes equations, we use the cG(1)dG(0)
space-time finite element method, which uses piecewise constant finite elements in time and piecewise linear finite elements in space and is a variant
of the General Galerkin G2 -method developed by Eriksson et al. [11, 12].
Let I = {Ij = (tj−1 , tj ] : 1 ≤ j ≤ N } be a partition of the time interval
(0, T ] with a sequence of discrete time steps 0 = t0 < t1 < · · · < tN = T and
length of the respective time intervals kj := |Ij | = tj − tj−1 . With each time
step tj , we associate a partition Tj of the spatial domain Ω and the finite
element subspaces Vhj , Phj of continuous piecewise linear functions in space.
The cG(1)dG(0) space-time finite element discretization with stabilization can be written as an implicit Euler scheme: ṽ 0h = ṽ 0 and for j = 1 . . . N ,
find (ṽ jh , p̃jh ) ∈ Vhj × Phj such that

 
¯ jδ (ṽ h , p̃h ), (w̃h , q̃h ) = 0
Ē h,j (ṽ h , p̃h ), (w̃h , q̃h ) + SD
∀(w̃h , q̃h )|Ij ∈ Vhj × Phj
with the discretized Navier-Stokes equations
Ē

h,j


(ṽ h , p̃h ), (w̃h , q̃h ) :=

ṽ jh − ṽ j−1
h
, w̃jh
kj

!
+ (ν∇ṽ jh , ∇w̃jh )

+ (ṽ jh · ∇ṽ jh , w̃jh ) − (p̃jh , div w̃jh ) + ( div ṽ jh , q̃hj ) − (f˜, w̃jh ) ,
and with the stabilization




¯ jδ (ṽ h , p̃h ), (w̃h , q̃h ) := δ̃1 (ṽ j · ∇ṽ j + ∇p̃j − f˜), ṽ j · ∇w̃j + ∇q̃ j
SD
h
h
h
h
h
h
+ (δ̃2 div ṽ jh , div w̃jh ) .
Note that the terms (ṽ jh )t −ν∆ṽ jh vanish on each element of Tj for cG(1)dG(0)
¯ jδ as a sum
elements and could equivalenty be included if we understand SD
of the contributions on the spacial elements. With this interpretation, the
stabilization term vanishes for sufficiently regular solutions of the NavierStokes equations (e.g., (2.3) and ṽ ∈ L2 (I, H 2 (Ω)2 ), p̃ ∈ L2 (I, H 1 (Ω))).
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The stabilization parameters δ̃1 and δ̃2 act as a subgrid model in the
convection-dominated case by adding a viscosity roughly of the local mesh
size, see [19].
In order to obtain gradients which are exact on the discrete level, we
consider the discrete Lagrangian functional based on the cG(1)dG(0) finite
element method, which is given by
Lh ((v h , ph ), τh , (λh , µh )) = J h ((v h , ph ), τh )
N
N


X
 X
kj SDδj ((v h , ph ), τh ), (wh , qh ) .
+
kj E h,j ((v h , ph ), τh ), (λh , µh ) +
j=1

|

j=1
=:(E h ((v

{z

h ,ph ),τh ),(λh ,µh ))

}

|

{z

=:(SDδ ((v h ,ph ),τh ),(wh ,qh ))

}

To obtain the discrete adjoint equation and the reduced gradient, we
take the derivatives of the discrete Lagrangian w.r.t. the state variables and
the shape variables, respectively. Similar to the discrete state equation, the
discrete adjoint system can be cast in the form of an implicit time-stepping
scheme, backward in time, see [6].
For the computation of shape derivatives on the discrete level we use a
transformation space Th (Ωref ) of piecewise linear continuous functions. Then
a discrete version of Lemma 2.2 holds, and we get an analogue of (2.7) on the
discrete level. Thus, we obtain the exact shape derivative on the discrete level
by using a continuous adjoint approach without the tedious task of computing
mesh sensitivities.

4. Goal-oriented error estimation and adaptivity
In this section we investigate the use of goal-oriented a posteriori error estimation and adaptivity in the context of shape optimization. Goal-oriented
error estimators based on duality arguments date back to a series of papers by
Babuška and Miller, starting with [1], and were systematically investigated
in the sequel, see, e.g., [11, 3]. They have already successfully been applied
to optimal control and parameter identification problems, both for the elliptic and the parabolic case, see [2, 3, 23]. Goal-oriented estimators measure
the error in a quantity of interest depending on the state, rather than the
state itself. Thus, in the adaptive process, the computational domain is only
resolved more accurately in areas which have an influence on the quantity of
interest, which in our case is the objective function value.
4.1. Goal-oriented error estimation in shape optimization
In the context of shape optimization problems governed by the instationary Navier-Stokes equations, certain difficulties arise which keep us from directly using goal-oriented error estimators for optimal control problems as
in, e.g., [2]. In particular, we use a nonconforming time discretization, i.e.
Yh * Y , which has also been considered in [23], and Th * T . This means
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that L0 (y, τ, λ)(ȳ, τ̄ , λ̄) = 0 for (ȳ, τ̄ , λ̄) ∈ Yh × Th × Zh∗ is not satisfied automatically. Furthermore, we introduce additional stabilization terms which
contribute to the error estimator, and E h and J h contain additional jump
terms compared to their continuous counterparts.
To overcome these difficulties, we assume for the continuous optimal
solution (y, τ ) that E h (y, τ )0 = E(y, τ )0 , J h (y, τ )0 = J(y, τ )0 , and SDδ (y, τ ) =
0 (i.e. the stabilization is consistent), and that
J 0 (y, τ )(ȳh , τ̄h ) + hλ, E 0 (y, τ )(ȳh , τ̄h , λ̄h )i = 0

∀(ȳh , τ̄h , λ̄h ) ∈ Yh × Th × Zh∗ .

We will see that these assumptions are satisfied for the considered cG(1)dG(0)
method if the continuous state and adjoint are sufficiently regular.
Assuming further that J and E are three times Gateaux-differentiable
and (y, τ, λ) ∈ Y ×T ×Z ∗ and (yh , τh , λh ) ∈ Yh ×Th ×Zh∗ are stationary points
of the continuous and discrete Lagrange functionals, resp., the a posteriori
error with respect to the objective functional is given by
1 y
ρ (yh , τh , λh )(λ − ih λ)
2
1
1
+ ρλ (yh , τh , λh )(y − ih y) + ρτ (yh , τh , λh )(τ − ih τ ) + R,
2
2
(4.1)

J(y, τ ) − J h (yh , τh ) =

in terms of the residuals of the first order derivatives of the discrete Lagrangian (including the stabilization terms), where ih λ, ih y, and ih τ are
arbitrary approximations and the remainder R is of third order. Below we
will state appropriate spaces for state and adjoint such that the required
differentiability properties hold.
To arrive at a computable error estimator, we drop the residual R. As
the exact solution is unknown, we have to approximate the interpolation
errors using linear operators: Πh yh ≈ (y − ih y), Πh λh ≈ (λ − ih λ) and
Πh τh ≈ (τ − ih τ ). Thus, we arrive at the computable error estimator
J(y, τ ) − J h (yh , τh ) ≈

1 λ
ρ (yh , τh , λh )(Πh yh )
2
1
1
+ ρy (yh , τh , λh )(Πh λh ) + ρτ (yh , τh , λh )(Πh τh ).
2
2

The interpolation errors are approximated by interpolating the discrete solution into higher order finite element spaces. In our computations, we interpolate the computed state and adjoint into the space of functions that are
continuous, piecewise linear in time and discontinuous, piecewise quadratic
on patches of elements in space.
4.2. Application to the Navier-Stokes equations
To apply the goal-oriented error estimator derived in the previous section to
the instationary Navier-Stokes equations, we have to verify the assumptions
made in section 4.1. We consider first the case of an inf-sup stable pair of
finite elements in space for the state and adjoint. Then no stabilization is
needed and we drop the terms SDδ in the scheme. Under the assumptions of
Lemma 2.1 the additional jump terms in J h and E h in comparison to J and
E vanish. If the objective functional has a structure such that λ̃(T ) ∈ H(Ω)
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and that the right hand side of the adjoint equation is in L2 (I; H −1 (Ω)2 )
then the adjoint state satisfies λ̃ ∈ W (I; V (Ω)), see for example [17]. Then
we can show that the assumptions of section 4.1 hold and that we obtain the
error representation (4.1) with a remainder term of the form
R=O



kv − ih vkL2 (I;H01 (Ωref )2 ) + kv t − (I h (ih v))t kL1 (I;L2 (Ωref )2 )

+ kλ − ih λkL∞ (I;L2 (Ωref )2 ) + kλ − ih λkL2 (I;H01 (Ωref )2 )
+ kp − ih pkL2 (I;L20 (Ωref )) + kµ − ih µkL2 (I;L20 (Ωref ))
3 
+ kτ − ih τ kW 1,∞ (Ωref )2
,

(4.2)

where I h (ih v) denotes the continuous piecewise linear interpolation in time
of ih v. Here, we assume that J is three times continuously differentiable in
the topology given by the norms in (4.2) (otherwise, the necessary norms
would also appear). Other choices of the norms are possible. Furthermore,
for a continuous, piecewise polynomial approximation of the transformations,
J 0 (y, τ )(ȳh , τ̄h )+hλ, E 0 (y, τ )(ȳh , τ̄h , λ̄h )i = 0 for all (ȳh , τ̄h , λ̄h ) ∈ Yh ×Th ×Zh∗
is satisfied under our regularity assumptions on ṽ, p̃, λ̃. For details we refer
to [7].
In the presence of a streamline-diffusion type stabilization as considered in section 3, the continuous optimal solution has to be more regular
in order to guarantee differentiability of the stabilization terms, for example ṽ, λ̃ ∈ L2 (I; H 2 (Ω)2 ) and p̃, µ̃ ∈ L2 (I; H 1 (Ω)). This is in particular the
case if ∂Ω is of class C 2 , the initial/end data are in V (Ω), and the source
terms of state and adjoint equation are in L2 (I; H(Ω)), see [30, Ch. III,
Thm. 3.10] and [17]. The remainder term (4.2) contains then in particular the additional norms kv − ih vkL∞ (I;H 1 (Ωref )2 ) , k∇v − ∇ih vkL2 (I;L4 (Ωref )2 ) ,
kλ − ih λkL∞ (I;H 1 (Ωref )2 ) , k∇λ − ∇ih λkL2 (I;L4 (Ωref )2 ) , kp − ih pkL2 (I;H 1 (Ωref )) ,
kµ − ih µkL2 (I;H 1 (Ωref )) . The proofs are lengthy and will be given in [7].
For example, the contribution of the momentum equation to the error
estimator is given by
N Z
X
j=1

([v h ]j−1 )T Πh λhj−1,+ det τh0 dx

Ωref

Z Z
+
I

Z Z
Z Z

ph tr(τh0−T ∇(Πh λh )) det τh0 dx dt

Ωref

Z Z
−
I

v Th τh0−T ∇v h Πh λh det τh0 dx dt

Ωref

−
I

ν∇(vh,i )T τh0−1 τh0−T ∇(Πh λh,i ) det τh0 dx dt

Ωref i=1

+
I

d
X

Ωref

f˜(τh (x), t)T Πh λh det τh0 dx dt,
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while the other terms are derived in the same fashion. Here, [v h ]j−1 denotes
the jump of v h at timestep tj−1 and λj−1,+
denotes the limit of λh for
h
t & tj−1 .
To drive the refinement process, we compute the local contributions to
the global error on all pairs of spatial elements and time intervals. The local
errors are computed by transforming the residual equations to the discrete
physical domain and integrating cellwise by parts. For the momentum equation, the local error on element K and time interval Ij is thus approximated
by
“
”
^
Rṽ (ỹh ), Π
h λh

Ij ,K

“
”
^
+ rṽ (ỹh ), Π
h λh

Ij ,∂K

„
«
j−1,+
^
+ [ṽ h ]j−1 , Π
,
h λh
K

with
Rṽ (ỹh )|K := −ν∆ṽ h + ṽ Th ∇ṽ h + ∇p̃h − f˜
(
1
[ν∂n ṽ h − p̃h ñ], e 6⊂ ∂Ω
rṽ (ỹh )|e := 2
,
0,
e ⊂ ∂Ω

where e denotes the edges of K.
Remark 4.1. Note that, in this section, we have neglected the presence of
constraints on the admissible transformations τ . For elliptic optimization
problems, this has been investigated in [31].

5. Numerical results
We now demonstrate our results on numerical model problems. In the previous sections we considered homogeneous Dirichlet boundary conditions for
the Navier-Stokes equations. In our numerical tests we will discuss problems
with inflow, free outflow and noslip boundaries where we always impose a
noslip condition on the boundary ΓB of the design object. However, we can
also derive a formula for the reduced gradient in this setting as well as in the
presence of the stabilization terms introduced by the cG(1)dG(0) discretization.
When dealing with inflow and outflow boundaries, i.e. parts of the
boundary where conditions of the form v = g ∈ L2 (I; H 1/2 ) and ν∂n v −pn =
0 hold, resp., we have to pay attention to some changes. For example in the
presence of a free outflow boundary the correct space for the pressure is L2 (Ω)
and not L20 (Ω). Since the admissible transformations equal the identity in a
neighborhood of the inflow and outflow boundaries, there is no contribution
to the shape derivative from these parts of the boundary. Moreover, for the
adjoint equation, we obtain the boundary conditions λ = 0 on the inflow
boundary and, given sufficient regularity, ν∂n λ + v T n λ + µn = 0 on the
outflow boundary. Because a complete discussion of this setting is too long
we will not go into further details. See also [5] and [29] for optimal control
problems with the Navier-Stokes equations with inflow and outflow boundary
conditions.
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5.1. Shape Optimization with goal-oriented adaptivity
The first model problem is based on the DFG benchmark of a 2D instationary
flow around a cylinder [27]. We prescribe a steady parabolic inflow profile on
the left boundary with vmax = 1.5m/s, noslip boundary conditions on the
top, bottom and object boundaries, and a free outflow condition on the right.
The flow is modeled by the instationary incompressible Navier-Stokes equations with viscosity ν = 10−4 , corresponding to a Reynolds number Re ≈ 400
for the initial shape. Discretization is done using the cG(1)dG(0) finite element method in Section 3. On the initial level of the adaptive refinement
process, we start with a very coarse triangular spatial mesh with 2436 vertices and an initial uniform time step size k = 10−3 . For the adaptive mesh
refinement we use a fixed-fraction strategy, refining 15% of the cells with the
largest local errors with a red-green refinement algorithm; in addition, we
refine 10% of the time intervals with the largest local error using bisection.
The object boundary ΓB is parameterized using a cubic B-Spline curve
[25] with 7 control points for the upper half, which is reflected at the y = 0.2axis to obtain a y-symmetric closed curve. This parameterization allows for
apices at the front and rear of the object, while the remaining boundary
is C 2 . For the calculation of the reduced gradient we use a linear elasticity
equation to extend the boundary displacement to the domain as described in
section 2.6. We impose constraints on the volume of the object B as well as
bound constraints on the control points. The volume of B can be evaluated
analytically as a function of the B-spline control points by expressing the
volume as a boundary integral.
We minimize the mean value of the drag on the object boundary ΓB
over the time interval [0, T ], given by the formula
1
J((ṽ, p̃), Ω) =
T

Z
0

T

Z “
”
(ṽ t + (ṽ · ∇)ṽ − f˜)T Φ − p̃ div Φ + ν∇ṽ : ∇Φ dx dt.
Ω

Here, Φ is a smooth function such that with a unit vector φ pointing in the
mean flow direction holds Φ|ΓB ≡ φ, Φ|∂Ω\ΓB ≡ 0 ∀ Ω ∈ Oad .
This formula is an alternative formula for the mean value of the drag on ΓB ,
Z Z
1 T
n · σ(ṽ, p̃) · φ dS,
cd :=
T 0 ΓB
with normal vector n and stress tensor σ(ṽ, p̃) = ν(∇ṽ + (∇ṽ)T ) − p̃ I, and
can be obtained through integration by parts. For a detailed derivation, see
[18].
Computation of the state, adjoint and shape derivative equations is done
using Dolfin [21]. The optimization is carried out using a SQP solver written
in Matlab, with a BFGS-approximation for the reduced Hessian.
Table 1 summarizes the computed results for the adaptive shape optimization problem. The columns contain from left the refinement level, the
number of vertices, the number of timesteps N , the optimal objective function value J, the value of the (signed) global error η and the number of
SQP-iterations.
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level vertices
0
2436
1
4283
2
7875
3
13666
4
24396

N
2001
2200
2419
2658
2923

J
0.0330721648
0.0314016876
0.0325643722
0.0336900832
0.0339111094

η
−0.00542514
−0.00273496
0.000807385
0.00145268
0.00132779

15
SQPit
12
5
4
2
2

Table 1: Optimization Results

Figure 1: Comparison of the meshes for the optimal shape on different refinement levels

On the higher refinement levels, the differences between the objective
function values decrease. Most importantly, the number of SQP iterations
reduces on the higher levels. Thus, most of the optimization iterations are
performed on the cheap coarser grids, significantly reducing the amount of
computational work. Furthermore, we obtain meshes that are well adapted
to the evaluation of the drag objective function value. Figure 1 shows the
computational meshes for the optimal shape on the refinement levels. The
adaptive refinement primarily takes place in the vicinity of the object and
in its wake. The instationary, time-periodic behavior of the flow starts to be
resolved on level 2 and is only fully resolved on levels 3 and 4, which explains
the increase in the error estimator from level 2 to 3.
5.2. Shape optimization with two objects
The shape derivative calculus that was introduced in section 2 can readily be
applied to shape optimization problems with more than one object.
Figure 2 shows the optimal solution for a shape optimization problem
with two objects in a row, where the drag was minimized for a flow governed
by the stationary Navier-Stokes equations with ν = 10−2 . The design parameters are the grid points on the boundary curve with 80 boundary points per
object and separate volume constraints are imposed on both objects. The
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Figure 2: Flow around 2 objects

Figure 3: 3D object

front point of the first object is fixed while the front point of the second
object can move in x-direction within box constraints. In the optimal solution the second object took the maximum distance to the first object. The
optimization was carried out using Ipopt [32], while the computation of the
state, adjoint and shape derivative equations was done with Sundance [22].
5.3. Shape optimization in three dimensions
Currently we are extending our approach to three dimensional problems.
While transferring the equations is straightforward, solving the arising systems of equations becomes numerically challenging due to the huge amount
of degrees of freedom. Therefore, techniques such as multigrid methods and
problem specific preconditioners, in conjunction with adaptive mesh refinement, have to be used.
Solving the state
 vequation includes the successive solve of linear systems
F B̃ T ( s
of the form B
sp ) = b. We analyzed different solvers and preconditionC
ers in this context and finally use GMRESR with the SIMPLEC preconditioner [10]. The preconditioner needs to solve two subsystems for F −1 and
for the approximation of the Schur complement. Numerical tests showed that
we need to solve these subsystems only up to precision 10−3 which is done by
BiCGStab with an algebraic multigrid preconditioner. The implementation
is done in Trilinos [16] and uses parallelization on 16 processors.
Figure 3 shows the optimal shape for a 3D object which is parameterized with cubic B-spline surface patches. The mean value of the drag was
minimized for a flow governed by the instationary Navier-Stokes equations
with ν = 10−4 under a volume constraint.

6. Conclusions
We have presented a continuous approach to shape optimization which is
based on the instationary Navier-Stokes equations. In this setting the appropriate function spaces for the transformations and states were characterized
and a differentiability result for the design-to-state operator was presented.
The approach for calculating the shape gradients allows the solution of the
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state and adjoint equation on the physical domain, hence existing solvers can
be used. Furthermore, the approach is flexible enough to conveniently use arbitrary types of shape parameterizations, for example free form deformation
or parameterized boundary displacements, also with multiple objects.
The combination with error estimators and multilevel techniques can
reduce the number of optimization iterations on the fine grids and the necessary degrees of freedom significantly. Currently, the developed techniques
are extended to 3-dimensional shape optimization problems.
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